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Abstract 

We study the effects induced by heavy fields on the masses of hght fields 
in supersymmetric theories, under the assumption that the heavy mass 
scale is much higher than the supersymmetry breaking scale. We show 
that the square-masses of light scalar fields can get two different types 
of significant corrections when a heavy multiplet is integrated out. The 
first is an indirect level-repulsion effect, which may arise from heavy 
chiral multiplets and is always negative. The second is a direct cou- 
pling contribution, which may arise from heavy vector multiplets and 
can have any sign. We then apply these results to the sGoldstino mass 
and study the implications for the vacuum metastability condition. We 
find that the correction from heavy chiral multiplets is always negative 
and tends to compromise vacuum metastability, whereas the contribu- 
tion from heavy vector multiplets is always positive and tends on the 
contrary to reinforce it. These two effects are controlled respectively 
by Yukawa couplings and gauge charges, which mix one heavy and two 
light fields respectively in the superpotential and the Kahler potential. 
Finally we also comment on similar effects induced in soft scalar masses 
when the heavy multiplets couple both to the visible and the hidden 
sector. 



1 Introduction 



In supersymmetric theories, vacua that preserve supersymmetry are automatically 
stable, whereas vacua that break supersymmetry are not guaranteed to be stable. In 
order to assess stability, one then has to study the mass matrix of scalar fluctuations 
around the vacuum and check that it is positive definite. It was however shown in 
[1, 2, 3] (see also [4] for a related analysis), by looking at the sGoldstino direction, 
that there exists a simple necessary condition for metastability depending on the 
sectional curvature of the scalar manifold along the supersymmetry breaking direc- 
tion. Moreover, it has been further argued in [5, 6] that this condition becomes also 
sufficient if for a given Kahler potential K one allows the superpotential W to be 
adjusted. These results are quite helpful for discriminating between theories where 
metastable vacua may exist and theories where they cannot exist, by looking only 
at K and not at W^. A comprehensive review of these results and some extensions 
of them within rigid supersymmetry can be found in [7]. 

In some cases, like for instance for the moduli sector of string models where 
supersymmetry is supposed to be spontaneously broken, one may be interested in 
studying the possibility that some of the fields are stabilized in a super symmetry- 
breaking way with a small mass, whereas the remaining fields are stabilized in a 
supersymmetry-preserving way with a large mass. One may then study the low- 
energy dynamics and in particular the question of vacuum metastability within a 
supersymmetric effective theory obtained by integrating out the heavy multiplets. 
The way in which this can be done in a manifestly supersymmetric way is well known, 
see for instance [8, 9], and turns out to hold true also in the presence of gravity [10].^ 
At leading order in the low-energy expansion in the number of derivatives, fermions 
and auxiliary fields, the basic recipe is that chiral and vector superfields can be inte- 
grated out by using an approximate equation of motion corresponding to imposing 
stationarity of W and K respectively. One may then ask the practical question of 
what is the effect of heavy modes on the light masses, and in particular whether the 
induced corrections tend to improve or to worsen the situation concerning metasta- 
bility of the vacuum. More speciflcally, it would be very valuable to have some 
criterium to distinguish situations where the effect of heavy modes on the scalar 
square-masses are negative, and must therefore necessarily be computed to be able 
to assess vacuum stability, from situations where this effect is positive and can thus 
be safely ignored to check vacuum metastability. To derive such a criterium, we 
shall study in some detail the structure and the sign of the effect induced by heavy 
modes on the sGoldstino mass, which captures the crucial condition for achieving 

^See also the earlier work [11] where this question was raised and the works [12, 13] studying 
it in the case of effective theories describing string models with fluxes. 
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metastability. For simplicity we shall restrict to rigid supersymmetry, but the ex- 
tension of supergravity is straightforward, since as explained in [10] the two steps 
of integrating out heavy multiplets and adding the coupling to gravity commute at 
leading order in the low-energy expansion. 

In order to illustrate the basic point that we want to make, let us consider a 
generic theory involving both light and heavy modes and h"" that interact among 
each other. For simplicity, we shall think of these as real scalar fields in a non- 
supersymmetric theory, but the results are clearly more general. In such a situation, 
one may define a low-energy effective theory for the light modes /* by integrating 
out the heavy modes /i". At lowest order in the low-energy expansion, this can 
be done by requiring stationarity of the potential energy V with respect to the 
heavy modes and solving the equation Va — ^- This determines /i" = h°'{l). By 
differentiating the stationarity equation with respect to the light fields, one also 
deduces that Sj/i" = -Vil^Vph where V-^^ denotes the inverse of V^p as a matrix. 
The effective Lagrangian for the low-energy theory is then obtained by substituting 
back this solution into the original Lagrangian. For the wave- function factor and the 
potential, one easily obtains glfil) — {gij + dih°'gaj + djh^giji + dih°'djh^ga/3){l, h{l)) 
and V^^{1) = V{l,h{l)). The light masses may finally be derived by computing 
derivatives of V^^. Using the chain rule, these can be related to derivatives of V. 
One finds Vf = Vi and V^f = V,;, - Vicy-^^pj, so that the light masses mf^^^ = V^f 
are given by the following expression in terms of the light, heavy and mixing blocks 
= Vij, M^i^ = Vai3 and /x^^ = Via of the full mass matrix: 

= ^1 - /^L^-'^u ■ (1-1) 

This expressions is easily seen to coincide with the mass matrix of light states 
obtained by diagonalizing the full mass matrix of the microscopic theory at leading 
order in an expansion in powers of the inverse heavy mass matrix. The formula (1.1) 
moreover shows that integrating out the heavy modes generically gives two types of 
effects on the masses of the hght modes. The first is a direct effect hidden in the first 
term on the right hand side and is due to the fact that the hght block of the mass 
matrix m^j gets infiuenced by the coupling to the heavy modes. It has a sign that 
depends on the form of the couplings between light and heavy modes. The second is 
an indirect effect described by the second term on the right-hand side and is due to 
the fact that the presence of an off-diagonal block in the mass matrix mixing light 
and heavy fields makes the true light mass matrix differ from the original light block. 
It has a sign that is manifestly always negative. In parallel with what happens to a 
quantum mechanical system with two separated sets of low and high energy levels, 
we see that there is a direct effect correcting significantly the light energy levels and 
negligibly the heavy ones, which is due to diagonal interactions and can have any 
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sign, and an indirect level-repulsion effect that further splits apart the two sets of 
levels, which is due to off-diagonal interactions and has a definite sign. 

In this work, we shall consider N — 1 supersymmetric theories and compute 
the detailed form of the effective mass matrix for light scalar fields belonging to 
chiral multiplets in the two cases where the heavy modes that are integrated out 
are respectively chiral and vector multiplets. More precisely, we shall focus on the 
mass along the sGoldstino direction, to extract the metastability condition. It turns 
out that two radically different results occur in these two situations. In the case 
of heavy chiral multiplets only the indirect level-repulsion effect gcncrically arises 
with a non-negligible size. The correction is always negative and thus dangerous, 
as suggested from the arguments in [14]. We will derive its general form and show 
that it is controlled by the mixed third derivatives of 1^. In the case of heavy vector 
multiplets, on the other hand, only the direct effect occurs. Moreover the correction 
turns out to be always positive and therefore harmless, as already argued in [3]. 
We will rederive more precisely its form, which is controlled by the mixed third 
derivatives of K. 



2 Models with chiral multiplets 

Let us start by considering the simplest case oi N — 1 theories with only chiral 
multiplets The most general two-derivative Lagrangian is specified in terms of 
a real Kahler potential K and a holomorphic superpotential W, and reads: 



£ = jd^9K{^,^) + j d^9W{^)+h.c.. (2.1) 

In components, this gives C = T — V where 

T = -gud,4>'d>'¥ - igui^'W + ^in 0^^^^) > (2-2) 

V = g'^ WjWj + ^ViWj ^ + h.c. - ^RjjKL ^'^^^-""^ , (2.3) 



A vacuum is defined by constant values of the scalars (p^ and vanishing values of 
the fermions , such that V is stationary. Supersymmetry is spontaneously broken 
whenever some of the auxiliary fields have non- vanishing values. The form of 
these auxiliary fields is given by 

F' = -g'-^Wj. (2.4) 

The stationarity condition implies moreover that 

ViWjF^^O. (2.5) 
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The masses for the scalar and fermion fields describing fiuctuations around the 
vacuum are then found to be given by 



<ij = ^iWkVjW^ - RijK-L F^'F'^ , (2.6) 



mtij = -ViVjWKF'' , (2.7) 



and 



mi/2ij = ViWj 



We see from the above expressions that the supersymmetric part of the mass is 
controlled by the quadratic terms in the superpotential and given by Wij. 

The direction in field space is special. For fermions it defines the Goldstino 
77 = Fiip^ , which is massless and represents the Goldstone mode of broken super- 
symmetry: rrirj — 0. For scalars it defines instead the sGoldstino cp — Fjcf)^ , which 
describes two real scalar fields with masses that are entirely controlled by super- 
symmetry breaking effects. One may then look at the average of these two masses, 
which is defined as 

< = -TKf^ ■ (2-9) 
A simple computation shows that this is given by [1, 7] 

ml^RF'Fi, (2.10) 

where 

R=- '''"''Lii ^ . (2.11) 



From this result it follows that a necessary condition for not having a tachyonic 
mode is that the holomorphic sectional curvature R be positive [1, 2]. This necessary 
condition becomes also sufficient if for a given K one allows W to be adjusted [5]. 
Indeed, at the stationary point one may tune Wi to maximize the average sGoldstino 
mass, Wjj to make the other masses arbitrarily large, and Wjjk to set the splitting 
between the two sGoldstino masses to zero. Moreover, in such a situation one can 
prove that the two real sGoldstino modes become degenerate mass eigenstates [6]. 



2.1 Integrating out heavy chiral multiplets 

Let us now consider a situation where the chiral multiplets split into a set of 
light multiplets parametrizing the low-energy theory and a set of heavy multi- 
plets with a large supersymmetric mass to be integrated out. In order to 
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distinguish light from heavy multiplets in a sensible way, we must assume that the 
supersymmetric mass mixing Wia between them is not too large. In the following, 
we shall denote these heavy and mixing blocks of the supersymmetric mass matrix 
in the following way: 

Ma^^Wa^, fiia = Wia. (2.12) 

The most relevant interactions for our purposes will be the cubic terms in W, namely 
the Yukawa couplings 

^aij = Waij , Xal3j = WajSj , A^^^ = Wa/S^ . (2-13) 

At leading order in the low-energy expansion in number of derivatives, fermions 
and auxiliary fields, the low-energy effective theory can be obtained in component 
fields by imposing stationarity of V with respect to each heavy field and substituting 
back the solution into the original Lagrangian. Equivalently, this effective theory 
can be derived directly in superfields, by demanding the stationarity of W with 
respect to each heavy chiral multiplet. For convenience, we shall assume without loss 
of generality normal coordinates in the microscopic theory around the point under 
consideration. This substantially simplifies the computations, although the effective 
theory does not automatically inherit normal coordinates, due to the corrections 
induced to the Kahler metric. 

The corrections due to the supersymmetric mass mixing between heavy and light 
multiplets are encoded in the following small dimcnsionlcss matrix: 

er = -M-i-V- (2-14) 

It should be emphasized that it is always possible to perform a holomorphic field 
redefinition in such a way to diagonalize the supersymmetric mass matrix Wjj at a 
given point in field space, thereby setting ef to zero. This means that all the effects 
depending on e° only serve to compensate a choice of light and heavy fields that does 
not exactly diagonalize the supersymmetric part of the mass matrix, and therefore 
do not represent genuine non-trivial corrections. Moreover, since ef must be small, 
these effects are anyhow quantitatively irrelevant. We may then set = by 
suitably choosing the fields. We shall however keep ef 7^ during the computations 
to verify more explicitly the above claims and set ef — only at the very end. 
We can anticipate that all the tcnsorial quantities characterizing the light fields will 
receive additional contributions coming from heavy indices converted to light indices 
through the matrix ef. This leads us to introduce already at this stage the following 
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deformed tensors: 

9ij = 9ij + (^i9aj + 4 90 + ^l^dap , (2.15) 

Kxij — ^aij + ^i-^al3j + ^"j^ai-y + ^] ^a/i^ , (2-16) 
^ijkl ~ ^ijkl + ^i^ajkl + ^ ^i^kl + ^k-^inl + ^^ijkS + ^i^^a^kl 

+ ^t^k-^aj-yl + ^i^^ajkS + ^^l-^i^l + 4^^0k5 + ^k^-^inS 

+ ete^el4R^^^-s. (2.17) 

Finally, we shall define the following quantity for later use, which characterizes the 
heavy block Wai9^'^Wjj^ of the square of the supersymmetric mass matrix: 

= M^i{9'' + + ig-^' + e^g^^M-sp . (2.18) 



In the following, we shall compute within the component approach the average 
sGoldstino mass in the low-energy effective theory, defined at a stationary point as 



^2efr _ ^oij ^ f (2 19) 



We shall then reproduce the same result within the superfield approach by first 
computing the Riemann tensor R'^^ of the effective theory at a generic point and 
then applying the standard expression for the sGoldstino mass at a stationary point 
within the effective theory, namely 

^2eff ^ j^eSpieSpeS ^ ^2.20) 

in terms of an effective sectional curvature 

J^sfF pieS pJeS pkeS pleS 
pefT ij^^ /n ni \ 

2.2 Component approach 

Consider first the component approach. For simplicity we shall focus on the bosonic 
fields and discard fermions, since we are interested in computing effective scalar 
masses. At leading order in the low-energy expansion, the values of the heavy scalar 
fields are defined by 

0° = 0^) solution of K(0', 0', 0", ^") = . (2.22) 

At leading order in the number of auxiliary fields, this stationarity condition implies 
that WaiW^ = and gives the following values for the heavy auxiliary fields: 

pa ^ ^api _ ^2.23) 
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The effective tfieory for the hght fields is then obtained by substituting these ex- 
pressions for 0" and into the original Lagrangian. 

To derive the effective theory, we will need to compute the derivatives of the 
heavy fields 0" and 4>" with respect to the light fields (f)\ These can be deduced by 
differentiating the stationarity conditions with respect to the light fields. One finds: 



Mo'^yt^^ - M^^'-^i^i,, , (2.24) 



^ = -Mo--V^,. - Mo--V^^. . (2.25) 

Here Mq and represent the heavy and off-diagonal blocks of the complete scalar 
mass matrix of the microscopic theory. Notice that /Iq and Mq differ from /i and M, 
since the former refer to the full mass matrix whereas the latter parametrize only 
its supersymmetric part. At quadratic order in the auxiliary fields one finds: 

^o"'"^ = + v;^:v,-svtv.rv;£ , (2.26) 

^-2a, ^ _v^:V,sVt . (2.27) 

The effective Kahler metric of the hght fields can be determined by looking at the 
scalar kinetic terms and substituting the values of the heavy scalar fields. One may 
in this case work at leading order in the auxiliary fields, since these terms already 
involve two derivatives. Focusing also on the leading order in the light masses 
and the heavy-hght mass mixing, the relations (2.24) and (2.25) then simplify to 
= ef and 9^0" = 0. Using these expressions, which actually turn out to be 
correct even at order e^, one finds that the kinetic term can be rewritten in the 
standard supersymmetric form with an effective Kahler metric given by 

< = 4- (2-28) 

The effective mass matrix of the hght scalar fields can on the other hand be de- 
termined by using the supersymmetric generalization of the expression (1.1), which 
can be derived by using the same logic. As in the general non-supersymmetric case, 
the result corresponds to a perturbative diagonalization of the full scalar mass ma- 
trix, at leading order in the inverse mass matrix of the heavy scalars. Denoting with 
ml the light block of the scalar mass matrix, one finds: 

2eff _ 2 _ 2 ji^-2(5/3 2 _ 2 ji^-2tt/3 2_ 

- f^LMo'^-'f^lpj - f^LM-'^M^j , (2.29) 

2efr _ 2 _ 2 /Vf-2«^,,2 _ 2 nyf-'^^f^. ,2 

- I^LM-'''^. - i^l.^M-'^-f^i^l^^ . (2.30) 
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Let us now focus on the Hermitian block mg|?. Using eqs. (2.26) and (2.27) in the 
formula (2.29), and restricting to terms that are at most quadratic in the auxiliary 
fields as demanded by supersymmetry at the two-derivative level, we see that there 
are three kinds of effects coming from the four correction terms. The first type 
involves second derivatives of W and no auxiliary fields, and comes only from the 
first correction term. The second type involves the Riemann tensor and two auxiliary 
fields, and comes again only from the first correction term. The third type involves 
third derivatives of W and two auxiliary fields, and comes from all four correction 
terms. All together, these three effects give a negative level-repulsion correction 
with respect to rriQ^y 

Let us now compute more specifically the average sGoldstino mass m'^^ defined 
by eq. (2.19) at a stationary point of the effective theory and compare it to its 
analogue defined by eq. (2.9) in the microscopic theory. Recall that we are 
using normal coordinates, so that gij — 5ij and gl^ — efej. The first thing we 
need to make more explicit are the effective auxiliary fields. To do so we start by 
deriving 1^^*^ by substituting the solution (2.22) into in W. Taking a derivative we 
then find that Wf = + efWa- But using the stationarity condition WaiWj = 
of the heavy scalars we see that Wa = ^fWi, so that W^^ = {Sij + ef€f)Wj = 9ijWj. 
The auxiliary fields in the effective theory thus coincide with the light components 
of the auxiliary fields in the microscopic theory: F^'^^ = —g'^^^^Wj^ = —Wi = F*. 
Recalling (2.23) one also finds that g?^F'^^^F^^^ = F^F^ . In summary, we get: 

pies^jpi^ F'^^Ff^F^Fj. (2.31) 

To proceed, we also need to compute more explicitly the mass-matrix blocks (2.26) 
and (2.27) entering in the expression (2.29) for the effective mass matrix mp^?. In 
normal coordinates, these quantities depend on IM*"!^^ = Ma'y{g^^ + e]e^)M^i^, and 
at quadratic order in the auxiliary fields one finds that 

^ l^'^lafi ~ ^a^KlF^ F^ , V^fi ^ -X^^kF^ , (2.32) 

V^^ = |M^|-2"^ + \M'\-'^'^~^\M'\-'^^'^R'y-5K-LF^F^ ■ (2-33) 

Wc are now in position to evaluate the average sGoldstino mass in the effective 
theory by computing the four correction terms in eq. (2.29). As explained after 
eqs. (2.29) and (2.30), these give rise to three types of effects. But when look- 
ing along the sGoldstino direction, some simplifications occur, due to the fact that 
only supersymmetry-breaking effects matter. The first type of effect cancels the 
corresponding leading part of rri^^j. The second type of effect combines with the 
corresponding subleading term in mg^j to reconstruct the average sGoldstino mass 
of the microscopic theory. The third type of effect gives instead a genuine correc- 
tion. The precise evaluation of these effects can be simphfied by noticing that at 
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a stationary point WrjWj — 0, which imphes that at leading order in the auxil- 
iary fields VazWi — —V^i^Wp. After a straightforward computation one finds that 
m^'^ff = -{RjjKL + Kik\M'\-^'^~P\-^ji)F^ / Fm- Recalling then that 
pa _ ^apies F^ Fj — F"^^^ F^^ , One may finally rewrite the above result as 

mjf*^ = {w - xi\m'\-^''^\'^)f''^f;:^ , (2.34) 

with 

j^t jpieS pjeS jpkeS pTeS 
\^ pieS pjeS 

^ "^feeff^eff ■ (2-36) 

The first term in the result (2.34) corresponds to m^, whereas the second term 
describes a negative level-repulsion effect controlled by the Yukawa couplings Xaij 
mixing one heavy and two light fields. As anticipated, the dependence on e amounts 
to a transformation of all the tensorial quantities accounting for the need to disen- 
tangle light from heavy eigenmodes of the supersymmetric mass matrix, and can 
thus be dropped by setting e to zero. 



2.3 Superfield approach 

The above results can also be derived by integrating out the heavy fields directly 
at the superfield level, and then computing the sGoldstino mass in the resulting 
effective theory by applying eqs. (2.20) and (2.21). To do this, one derives the 
effective Kahler potential and superpotential by solving the following approximate 
superfield equations of motion: 

$a ^ ^a(^i) solution of Wa{^\ $") = . (2.37) 

The bosonic components of this superfield equations of motion coincide, at leading 
order in the number of fermions and auxiliary fields, with the equations of motion 
(2.22)-(2.23) that we have used in the component approach. 

To proceed, we will need to compute the first and second derivatives of the 
heavy scalar fields with respect to the light scalar fields. These can be derived by 
differentiating eq. (2.37), and one finds the following results: 



e. 



-M-"^P\%^ . (2.38) 



The effective geometry can be derived by taking derivatives with respect to the 
light fields of the effective Kahler potential X^^, where the heavy fields have been 
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substituted by the solution (2.37) in terms of light fields. We focus again on a 
given point in the light field space, around which we choose normal coordinates, 
but this point no longer needs to be a stationary point. Then, using the chain rule 
and eqs. (2.38), one easily computes Kf? = Sij+efef, K^f^^ = -M-^^^^ef A^^.;^ and 
K':^ = A^-^|M|^^"^A|_p This finally implies that the effective metric is given 

by di^ = Oij, the effective Christoffel symbol by F^j^ = — M~-^"'^e"A^^-^ and finally 
the effective Riemann tensor by the following expression: 

^Sr= ^k + ^-^l^r'"^%r (2-39) 

Plugging this expression into eqs. (2.20) and (2.21), we then reproduce the form of 
the result (2.34). ^ 



3 Models with chiral and vector multiplets 

Let us now consider the case of = 1 theories with chiral multiplets $^ and vector 
multiplets V"'. The most general two- derivative Lagrangian is in this case specified 
by a real Kahler potential K, a holomorphic superpotential W, a holomorphic gauge 
kinetic function fab and some holomorphic Killing vectors X^:^ 

£ = Jd^eK{^,^,v) + J(fe w{^) + ^fab{^)w'^w^ +h.c.. (3.1) 

The gauge transformations of the chiral multiplets are defined by the Killing vectors 
whereas those of the vector superfields depend only on the structure constants 
fab^ of the gauge group. Gauge invariance of the Lagrangian imposes that the vari- 
ation of the non-holomorphic terms should be at most a Kahler transformation of 
the form A"' fa + A^-fa, where the /„ are some holomorphic functions, whereas the 
holomorphic terms should be strictly invariant. This implies the following condi- 
tions: 

XiKi - '-Ka = /„ , (3.2) 
XlWi^Q, (3.3) 

Xlfbcl = —'^fa(b'fc)d ■ (3.4) 

These equations show that —-^Ka can be identified with the real Killing potential 
for the Killing vector X^. They also imply that Kai = 2iXai and Kab = 4:gjjX^g^X^y 



^Note that the results derived in this subsection are evaluated at values of the heavy scalar 
fields solving Wa = 0, whereas the results of previous section were evaluated at values of the heavy 
scalar fields solving Va — 0- However it turns out that the difference between these two values is 
subleading in the counting of auxiliary fields and can therefore be discarded. 

^We omit for simplicity the possibility of Fayet-Iliopoulos terms for Abelian factors. 



10 



Finally, the equivariance condition on the Killing vectors guarantees that the Killing 
potentials can be chosen to transform in the adjoint representation, so that 



fabKc . 



In components and in the Wess-Zumino gauge, one finds C — T — V where: 



(3.5) 



MN 



Mj.N 



1 



o 

1 



+ 2 



(3.6) 



+ h.c. 



^ihabJ V'V-'A^A^ + h'^hadhbdJ^I^' X^ilj' X 



cdr 



!,I \a^i,J \b 



2 

+ h.c. 



(3.7) 



In these expressions is the covariant derivative acting as -D^0^ = d^4>^ + A^X^, 
D„i/j^ = d^ip^ + A^djXl i/j-^ and D^X" = 9^A« + fbc^AlX", whereas is the 
field-strength = d^A'^ - d^A^ + f^^^'A^^Al and hab and Oab denote the real and 
imaginary parts of fab- 

A vacuum is defined by constant values of the scalars 0^ and vanishing values of 
the fermions '4>^ , A" and the vectors ^4^, such that V is stationary. Supersymmetry 
is spontaneously broken whenever some of the auxihary fields F^, D°- have non- 
vanishing values. The form of these auxiliary fields is given by 



F^ = -W^ , 

The stationarity condition implies that 

ViWj F' + ^KbiD-D" + iXaiD'^ = . 



(3.8) 
(3.9) 



(3.10) 



Moreover, by contracting this relation with the Killing vectors and taking the 
imaginary part, and using (3.3) and its derivative as well as (3.5), one finds the 
following relation between the values of F^ and D"". 



iViXaj F'F' - gjjXl^Xi^ D" + ^-fjO^ D'D 



J n6 



-tb nc 



0. 



(3.11) 
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The masses of the scalar, fermion and vector fields describing fiuctuations around 
the vacuum are found to be given by 

+ {qaij- - ^h''haMX,J + zh'''K,jX,j)D- , (3.12) 
mil J = -ViVjWkF"" - h'^'X.iXu - ^{Vihau - ^h'^Kcihuj) D'^D' 

+ 2ih"'Kb(iX,j,D\ (3.13) 

then 

mi/27j = V/W^j , (3.14) 

mi/2ab ^ habi F\ (3.15) 

mi/2/a = V2XaI - -^habl D" , (3.16) 

and finally 

ml, = 2gjjX;^^. (3.17) 

We see that the supersymmctric parts of the mass matrices are given by Wjj for 
the chiral multiplets and by 2gijX^^X^^ for the vector multiplets. 

The directions F^ and D'^ in field space are special. For fermions they define the 
Goldstino 7] = Fjifj^ + -^DaX"", which is masslcss and represents the Goldstone mode 
of broken supersymmetry: = 0. For scalars they define instead the projected 
sGoldstino cp — Fjcf)^ , which describes two real scalar fields with masses that are 
entirely controlled by supersymmetry breaking effects. One may then consider the 
average of these two masses, which is as before given by 

„ ml.jF^F^ 



A straightforward computation shows that the result is in this case given by [3, 7] 

_ rp \ ai_ , yi^2 a 

> ' ' 4 F^Fi F^Fi ' 



1 (n"-n ')'^ D^D 

ml = RF^Fj + SD^D^ + ] T + , (3.19) 



where 



Rrjf.T F^F^F^F^ 

' (3-20) 



{F^Fm, 



^_ K,ih'^h,,jF'FJD-D^ 

{F^Fk){D^D^) ' ^^-''^ 
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The directions in field space are also special. In the supersymmetric limit they 
define the chiral multiplets that are eaten up by the massless vector multiplets 
to produce massive vector multiplets. When supersymmetry is broken, things get 
a bit more complicated but the fermionic and bosonic components of still get a 
mass comparable to that of the components of V"'. 

Prom the above result it follows that a necessary condition for not having a 
tachyonic mode is that the holomorphic sectional curvature R be larger than some 
negative value depending on the gauge sector data [3]. In this case it is less clear 
whether this necessary condition becomes also sufficient if for a given K one allows 
W to be adjusted. Indeed, gaugc-invariancc forbids any tuning of Wj, Wjj and 
WijK along the directions X^. The corresponding modes thus represent a priori 
a left-over danger of instability [7]. This danger does however disappear in the 
limit we are considering here where the vector masses are much larger than the 
supersymmetry breaking scale, since these modes then become very heavy. 



3.1 Integrating out heavy vector multiplets 

Let us now suppose that all the vector multiplets have a large supersymmetric 
mass, much larger than the splittings induced by supersymmetry breaking. We may 
then integrate out in a supersymmetric way the modes associated with the heavy 
vector multiplets, paying attention to the fact that in order to become massive they 
absorb the modes of some chiral multiplets. The relevant scales in this case are the 
supersymmetric mass matrix 2gjjXl^g^X^^ = \Kab of the heavy vector multiplets and 
the quantity iXai = \Kai controlling the supersymmetric mixing between vector 
multiplets and chiral multiplets: 

Ml = ]^K,,, Uai^^K^i. (3.24) 

The couplings that are expected to be relevant are instead given by the cubic cou- 
plings in K, namely the generalized charges 

QalJ — —^Kg^ij , qabi — —-KabI , Qabc — —^^abc ■ (3.25) 

At leading order in the expansion in number of derivatives, fermions and auxil- 
iary fields, the low-energy effective theory for the light chiral multiplets can again 
be obtained in two different but equivalent ways. One may proceed in components 
and integrate out the heavy modes associated to the vector multiplets and the chiral 
multiplets that they absorb, by requiring stationarity of V with respect to them. 
One may however also proceed in superfields and integrate out the heavy vector 
superfields by requiring stationarity of K with respect to them. For convenience. 
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we shall as before assume without loss of generality normal coordinates in the mi- 
croscopic theory around the point under consideration. 

In analogy with what happens in the case of only chiral multiplets, we expect 
that the corrections due to the supersymmetric mixing between heavy and light 
multiplets should be encoded in following parameter of dimension one: 

5« = -M-^^^Ubi . (3.26) 

In this case, such a parameter cannot be set to zero by a simple holomorphic field 
redefinition, because it corresponds to the non-holomorphic mixing between the 
heavy gauge fields and the corresponding real would-be Goldstone modes. However, 
it can be set to zero by making a suitable choice of gauge. With any difference choice 
of gauge, Sj would be non-zero and the terms depending on it in the effective theory 
would take into account the mixing between light and heavy fields. By doing the 
computation in such a gauge one would presumably end up getting deformed versions 
of all the tensorial quantities for light fields, involving additional contributions where 
heavy indices are converted to light indices by 6j. We shall however refrain from 
keeping a general Sj^O and set 6j = from the beginning by choosing the unitary 
gauge. 

To perform the splitting between light and heavy fields and the gauge fixing 
more precisely, we may start by splitting the chiral multiplets into those that are 
orthogonal and those that are parallel to the Killing vectors evaluated at the 
point under consideration. This decomposition can be done more explicitly with 
the help of the parallel projector P^j — 2X^M~^"^Xbj. We shall denote these two 
sets of fields respectively with and The orthogonal components define the 
light chiral multiplets of the low-energy effective theory. The parallel components 

are instead either heavy or eliminable through the gauge fixing. 

In the following, we shall follow the same logic as in the previous section and 
first compute within the component approach the average sGoldstino mass in the 
low-energy effective theory, defined at a stationary point as 

2eff _ ^OiJ ^ ^ (n 

We will then reproduce the same result within the superfield approach by first 
computing the Riemann tensor of the effective theory at a generic point and then 
plugging it in the expression for the sGoldstino mass at a stationary point within 
the effective theory, which is given by 

in terms of an effective sectional curvature 

J^cS p^'icS pjcS p^kcS pTcS 
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3.2 Component approach 



Let us first consider the component approach, where it is convenient to choose the 
Wess-Zumino gauge for the extra gauge symmetries imphed by supersymmetry. For 
simphcity we shall as before focus on bosonic fields and discard fermions since we 
are interested in scalar masses. The relevant bosonic heavy modes coming from 

and are the following. In the vector multiplets F", the gauge fields 
contain heavy physical modes and should of course be considered. In the chiral 
multiplets on the other hand, the modes = Re(0") correspond to the would- 
be Goldstone modes and can be eliminated by choosing the unitary gauge for the 
standard gauge symmetries, where the corresponding degrees of freedom are the 
longitudinal polarizations of the gauge bosons, whereas the modes — lm(0") are 
physical and easily seen to have a mass comparable to that of the vector fields, so 
that they must be considered. At leading order in the low-energy expansion, the 
heavy bosonic fields and p"- can then be integrated out by using the following 
approximate equations of motion: 

p» = p^((f)\ 0^) solution of 4>\ P") = , (3.30) 

Al^O. (3.31) 

Concerning the auxiliary fields, notice that those coming from the parallel chiral 
multiplets automatically vanish, as a consequence of the gauge invariance of the 
super potential (3.3), whereas those of the vector multiplets are given by eq. (3.11), 
which corresponds to the equation of motion of p"" and reduces approximately to 
QaijF^F'^ — ^Ml^D^ — 0. At leading order in the low-energy expansion one then 
finds: 

= , (3.32) 
= 2 M-'^^'^qujF'P . (3.33) 

The effective theory for the light fields is finally obtained by substituting these 
expressions into the Lagrangian. 

To derive the effective theory, one needs in principle to compute the derivatives of 
with respect to This can be deduced by taking a derivative of the stationarity 
condition for with respect to 0*. One then finds a result that is inversely propor- 
tional to the mass matrix of p", which is approximately equal to that of the vectors, 
and directly proportional to the mass mixing between p" and 0*. This mixing can be 
computed explicitly and after using the relation (3.3) ensuring the gauge invariance 
of W , as well as its first and second derivatives, one verifies that it contains only 
terms that are quadratic in the auxiliary fields or linear in the auxiliary fields but 
further suppressed by the ratio between light chiral masses and heavy vector mass. 



15 



which must all be neglected. As a result, one finds: 

dp"" 



. (3.34) 



The effective Kahlcr metric of the light fields is not affected. Indeed, neither 
nor give any effect in the Icinetic terms, as a consequence of eqs. (3.31) and 
(3.34). One thus simply finds: 

9tj-9ij- (3.35) 

The effective scalar mass matrices can be computed by taking into account both 
the direct effect of the heavy modes on the microscopic mass evaluated in the light 
scalar directions 0* and the indirect level-repulsion effect coming from the mass 
mixing with the heavy scalar directions p". It turns however out that the level- 
repulsion effect is negligible, for essentially the same reasons as those leading to 
eq. (3.34). We thus finally get: 

m'^f-rnl,j, (3.36) 
<f = <j ■ (3.37) 

There is nevertheless a direct effect in the Hermitian block itIqI?, which consists 
of two significant contributions in mp^j coming from the couplings to heavy fields. 
The first contribution comes from plugging back the small but non-vanishing value 
of into the last term of (3.12). It is easily evaluated by using eq. (3.33), 
and one finds qaijD"- = 2 qaijM'"^"-^ q^^^iF^ . The second contribution arises in- 
stead from the part of the first term in (3.12) that corresponds to values for the 
summed index K that run over the parallel chiral modes that are integrated out. 
It can be evaluated by using the projected metric P^^ — 2X^M~'^"-^X^ , and reads 
^iWaVjW" = ViWKP^^VjWi = 2X^ViWKM-'^''''X^VjWi. But taking a deriva- 
tive of eq. (3.3) one deduces that X^V^Wk — —Haik^^ — ~Haik^^^ finally 
ViWaVjTy" = 2qaiiM~'^°-'^qbkjF'^F''. These two contributions represent a direct cor- 
rection to all the masses, which may be either positive or negative depending on the 
value of charges along the direction that is considered. 

Let us now evaluate more precisely the average sGoldstino mass defined by 
eq. (3.27) at a stationary point of the effective theory and compare it to its analogue 
defined by eqs. (3.28) and (3.29) in the microscopic theory. Along the supersym- 
metry breaking direction F*^'^ = the two direct corrections discussed above give 
identical contributions that sum up and one easily finds: 

ml^^ = (i? + 4 qaM-'^"'\j,) F'^^Pf , (3.38) 
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where 

_ _ pieS pijeS pkeS pTeS 

The first term in the result (3.38) corresponds to m^, whereas the second term 
describes a positive direct effect controlled by the charges Qaij mixing one heavy 
and two fight fields. The absence of any indirect level-repulsion effect is due to the 
absence of genuine heavy chiral multiplets mixing to the light chiral multiplets. 



3.3 Superfield approach 

It is straightforward to show that the above results can also be obtained by inte- 
grating out the heavy vector multiplets at the level of superfields. The only compli- 
cation is that one should switch from the unitary plus Wess-Zumino gauge used in 
the component formulation, which fix respectively the standard and the extra gauge 
symmetries, to a supersymmetric unitary gauge to be used in the superfield formu- 
lation, which fixes at once all the multiplet of gauge symmetries. More precisely, 
we shall gauge fix all the parallel chiral multiplets to constant values coincid- 
ing with their values at the stationary point. The superfields V"- become however 
general vector superfields in this gauge, and compared to the Wess-Zumino gauge 
that was chosen in the component approach, the modes that were described by the 
real scalar fields in the have now been transfered to the real scalar fields in 
the general V"". In this supersymmetric gauge, all the heavy degrees of freedom are 
thus contained in V"", and can be integrated out by using the following approximate 
superfield equations of motion: 

ya ^ v^'i^, ¥) solution of Ka{¥, ¥, V) ^ . (3.41) 

The bosonic components of this superfield equations of motion map to the equations 
of motion (3.30)-(3.33) that we have used in the component approach, modulo the 
different gauge choice. 

To proceed, we will need to compute the first and second derivatives of the 
lowest component of the heavy vector superfields with respect to the light scalar 
superfields. These can be derived by differentiating eq. (3.41), and at the point 
under consideration where Kai — one finds the following results: 

% = 0, ^-^ = M-2''W. (3.42) 

The effective geometry can be derived by taking derivatives with respect to the 
fight fields of the effective Kahler potential K^^, where the heavy fields have been 
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substituted by the solution (3.41) in terms of light fields. We focus again on a given 
point in the light field space and use normal coordinates. Then, using the chain rule 

and eq. (3.42), and noticing that Kaij = and Kaij = —2qaij, one easily computes 
Kf^ = 6,j, Kll = and Kg^- = K,jj,j-2 g„,,-M-2«^g,,^ - 2 QauM-^'^'qbkr This finally 
implies that the effective metric is given by gff = gij, the effective Christoffel symbol 
by r?j| = and the effective Riemann tensor by the following expression: 

^fki - RijkT - 2 QaijM-'^'^'qm - 2 qauM'^^'m • (3.43) 

Plugging this expression into eqs. (3.28) and (3.29), we then reproduce the form of 
the result (3.38). 



4 Conclusion 

Summarizing, we have shown that integrating out heavy chiral multiplets and 
vector multiplets V"" with large and approximately supersymmetric mass matrices 
M^"^ and M^"'' induces corrections to the square masses of light scalars 0* that 
are due respectively to an indirect level-repulsion effect and a direct coupling effect. 
The crucial dimensionless couplings that arc involved in these effects are respectively 
the Yukawa couplings \aij = Waij and the generalized gauge charges qaij = —^Kaij, 
which corresponds to cubic couplings mixing one heavy and two light multiplets 
respectively in W and K. In particular, by looking along the chiral projection of 
the supersymmetry breaking direction, which is defined by the chiral auxiliary fields 
F*, we showed that the averaged sGoldstino mass in the effective theory takes the 
form: 

mj« = (i? - Xa\M\-'^% + 4qaM-^''%)Ml . (4.1) 

The first term is what one would find by just restricting to the fight fields. It is 
controlled by the sectional curvature R along the F-direction, and can have any 
sign. The second term is the correction induced by heavy chiral multiplets. It is 
controlled by the Yukawa couplings Aq along the F-direction and is always negative. 
The third term is the correction induced by heavy vector multiplets. It is controlled 
by the gauge charges Qa along the F-direction and is always positive. Finally Ms is 
the scale of supersymmetry breaking, which in our situation is set by the F auxiliary 
fields since the D auxihary fields are suppressed. 

The result (4.1) has been derived in rigid supersymmetry, in the limit where 
the supersymmetry breaking scale is much lower than the mass scale M of the 
heavy modes that are integrated out. Its generalization to gravity can however be 
derived in a straightforward way by using the results of [10], where it was shown 
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that whenever the gravitino mass 7713/2 is also much smaller than the heavy mass 
scale M, one may first integrate out the fields in the rigid limit and then switch on 
the coupling to gravity. More precisely, the only modification induced by gravity 
in (4.1) is the addition of the correction 27713^2, which reconstructs the supergravity 
result of [1] for the sGoldstino mass in the theory truncated to light modes: 

Amyff = 2ml/2. (4.2) 

The origin of the difference in sign in the corrections induced by heavy chiral and 
vector multiplets is transparent in the component approach, where the first is due to 
an indirect Icvcl-rcpulsion effect whereas the second is due to a direct coupling effect. 
In the superfield approach, the two computations look instead very symmetric and 
the difference in sign is at first sight surprising. A closer inspection shows however 
that there too it can be understood quite robustly. For this we observe that for heavy 
chiral multiplets the stationarity condition Wa — 0, the auxihary fields Fa = —Wa 
and the relevant cubic couplings Xaij — Waij are all controlled by the superpotential 
W, whereas for heavy vector multiplets the stationarity condition — 0, the 
auxiliary fields — —\Ka and the relevant cubic couplings qaij — —\Kaij are all 
controlled by the Kahler potential K. There is then a perfect symmetry between 
the two dynamics, which exchanges the roles of K and W. When one looks at the 
effects of these heavy dynamics onto the supersymmctry-breaking part of the masses 
of light scalar fields, this symmetry is however broken, because supersymmetry- 
breaking contributions to scalar masses arise only from K and not from W . This is 
what causes the difference in sign between the two effects."^ 

The result that we have obtained may have interesting applications in the context 
of string models, where the situation in which some of the multiplets arc stabilized 
in a supersymmetric way at a high energy scale naturally occurs and the question of 
their effect on the dynamics of the light multiplets, which are supposed to break su- 
persymmetry, acquires a crucial importance. In such a situation one has in principle 
to honestly integrate out the heavy fields to properly describe the dynamics of the 
light fields. But it is in general cumbersome to do so, and this raises the question of 
whether or when one may get a qualitatively reliable indication on the light field dy- 
namics by just freezing the heavy fields and truncating the theory. Some particular 
situations where one can safely do this truncation and get the right effective theory 
have been identified in [16, 17, 18]. Here we have shown more specifically and more 
systematically what kind of dangers may arise from the heavy fields concerning the 
masses of the light fields, which are the crucial issue for metastability of the vacuum. 

A concrete example is that of string models where large classical effects related 
to background fiuxes stabilize some moduli in a supersymmetric way with a large 

similar phenomenon has also been encountered in different context in [15]. 
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mass and small quantum effects related to gauge interactions stabilize some other 
moduli in a non-supersymmetric way with a small mass [19, 20]. The dynamics of 
these heavy and light modes, schematically denoted by H and L, is then described by 
K = Kl{L, L)+Kh{H, H) + Kq{L, L, H, H) and W = Q + Wh{H) + Wq{L, H). For 
gauge interactions with a field-dependent gauge kinetic function f (x L, the quantum 
effects have the following structure. The correction Kq consists of both perturbative 
and non-perturbative effects suppressed by inverse powers and exponentials of L + L, 
and can usually be neglected, since it represents a small correction to the kinetic 
terms of L. The correction Wq consists instead only of non-perturbative effects 
suppressed by exponentials of L, and must be kept, since it represents the dominant 
source of potential for L.^ In this situation, freezing the heavy moduli H to constant 
values is a priori not justified [24, 25, 26], but turns out a posteriori to give a 
sensible approximation to the effective theory for the light moduli L thanks to the 
smallness of the quantum corrections mixing L and H [17]. Applying our general 
result, we may now establish more quantitatively the importance of the corrections 
induced by integrating out the heavy modes on the light masses, and in particular 
the sGoldstino mass m. The relevant Yukawa coupling A between one H and to L 
fields will involve the same exponential suppression factor as Wq. The dangerous 
indirect level-repulsion effect on will then be suppressed by the square of this 
exponential factor. On the other hand, the direct effect induced on from the 
mixing Kq involves both power and exponentially suppressed corrections. Given 
then that in these models there is a unique ultraviolet mass scale around Mpi, the 
indirect effect is a priori smaller than the direct effect, and in all the situations 
where the direct effect is neglected also the indirect effect must be discarded. There 
is thus no problem in the limit of small quantum effects. 

One may finally wonder whether integrating out heavy chiral and vector multi- 
plets has similar effects on soft masses in scenarios where both the visible and the 
hidden sectors couple to them. In fact, these effects are easily computed, since they 
are also encoded in the effective Riemann tensor, but with two visible-sector and 
two hidden-sector indices: m^|p = — i?^f Applying the results (2.39) and 

(3.43) one would then find 

= -{Rum+^au^\M\-^^%,J-2qau,M~'''%^J-2qauJM-^''%^v)F'F (4.3) 

The first term is the usual expression for the soft masses, the second term represents 
the correction induced by heavy chiral multiplets, and the third and fourth terms 
describe the corrections induced by heavy vector multiplets. The various couplings 
controlling these effects are however not always allowed by the Standard Model 
gauge symmetry Gsm- If the heavy states are neutral, only Qauv and Qaij can be 

^See [21, 22, 23] for a more detailed discussion of these effects for gaugino condensation. 
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non-zero. The only effect then comes from the third term, with an arbitrary sign. 
This is the standard effect induced by a neutral heavy vector multiplet.^ If on the 
other hand the heavy states are charged, only Xaui and Qauj can be non-zero. The 
only effects then come from the second and the fourth terms, which are respectively 
negative and positive. However a charged chiral multiplet cannot have a supersym- 
metric mass term, because Gsm docs not allow holomorphic invariants, whereas a 
charged vector multiplet can, since non-holomorphic invariants exist; so actually 
only the fourth term is relevant. This is a less-standard but already-known effect 
that can be induced by charged vector multiplets.^ In addition to these effects, there 
is as usual a separate gravitational effect, which for generic cosmological constant 
y = M| - 3m2/2^|i is given by: 

Am^f = g^, {ml/, + V^Mpf) . (4.4) 

We clearly sec that eqs. (4.3) and (4.4) for the soft scalar masses correspond to 
eqs. (4.1) and (4.2) for the average sGoldstino mass. 
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